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The interplay between bending of the molecule axis and appearance of disruptions in circular
DNA molecules, with ∼ 100 base pairs, is addressed. Three minicircles with different radii and
almost equal content of AT and GC pairs are investigated. The DNA sequences are modeled by
a mesoscopic Hamiltonian which describes the essential interactions in the helix at the level of the
base pair and incorporates twisting and bending degrees of freedom. Helix unwinding and bubble
formation patterns are consistently computed by a path integral method that sums over a large
number of molecule configurations compatible with the model potential. The path ensembles are
determined, as a function of temperature, by minimizing the free energy of the system. Fluctuational
openings appear along the helix to release the stress due to the bending of the molecule backbone.
In agreement with the experimental findings, base pair disruptions are found with larger probability
in the smallest minicircle of 66-bps whose bending angle is ∼ 6o. For this minicircle, a sizeable
untwisting is obtained with the helical repeat showing a step-like increase at τ = 315K. The method
can be generalized to determine the bubble probability profiles of open ends linear sequences.
PACS numbers: 87.14.gk, 87.15.A-, 87.15.Zg, 05.10.-a
I. Introduction
Fundamental methods of molecular biology, such as
probe target hybridization and polymerase chain re-
action, depend on the knowledge of thermal stability
of short DNA duplexes with specific sequences [1, 2].
Accordingly, large scale implementation of these tech-
niques requires reliable algorithms, generally based on
nearest-neighbors statistical thermodynamics, to predict
the oligomers melting profiles in various ambient con-
ditions [3–6]. Starting from the peculiar Watson-Crick
hybridization rule, uncountable DNA molecules and ar-
chitectures have been designed over the last years for
application in functional nanodevices and drug deliveries
[7–11].
Curved molecules can be identified by their slow elec-
trophoretic mobility [12, 13]. Being common to the con-
trol regions of transcription, the bending of the double
helix is essential to gene regulation and to the compaction
of genomic DNA into chromatin [14]. Short sequences of-
fer remarkable theoretical challenges and permit to probe
DNA at the scale of the genetic code [15]. One may ex-
pect that fragments of about 100 base pairs (bps), be-
ing shorter than a persistence length (∼ 500A˚), have a
large stiffness which prevents them from closing into a
circle. However, Cloutier and Widom [16] measured a
much larger cyclization probability [17] than that pre-
dicted by the traditional worm-like-chain model [18] thus
suggesting that bending may occur spontaneously also in
short fragments, even in the absence of proteins, due to
an intrinsic DNA flexibility. Besides, the loop formation
probability appeared to be very sensitive to the molecular
length and sequence. To interpret these findings, Yan and
Marko proposed [19] that the opening of localized bub-
bles may be the mechanism which energetically favors the
cyclization of short molecules. In fact, Crick and Klug
[20] had first put forward the idea that the unstacking of
two adjacent bps along the helix axis, a kink, may facili-
tate strong bends of the molecule albeit maintaining the
hydrogen bond base pairing [21]. While kinks can reduce
the bending energy and enhance the cyclization probabil-
ity [22], they have a lower entropy than that associated to
the bps breaking [23] which, accordingly, confers a higher
flexibility to the molecule and also changes the helical re-
peat. More recently, single-strand-specific endonucleases
experiments have shown [24] that small circles of differ-
ent sizes react differently to the bending stress: the latter
may cause local disruption of the double helix (either in
the form of kinks or base pair breaking) in ∼ 66-bps cir-
cles whereas disruptions are not detected in larger circles,
∼ 86-bps and ∼ 106-bps. The circle sizes have been cho-
sen in order to have a number of helix turns slightly larger
than an integer number in order to reduce the effects of
the torsional stress and emphasize the role of the bend-
ing on the helix conformation. These experimental find-
ings have been justified by a Monte-Carlo simulation of
a discrete worm-like chain [25] (with adjustable bending
potential parameters) in which the disruption probability
has been taken independent of the sequence site. After
years of experimental and theoretical research [26, 27], it
remains however unsettled whether there exists a critical
radius of curvature which causes a base pair opening in
short circles.
These issues are examined in this paper from a differ-
ent viewpoint. Here we apply path integral techniques
[28] to a mesoscopic Hamiltonian model which accounts
for the sequence specificities at the level of the base pair
and incorporates the rotational degrees of freedom, i.e.
both the base pair twisting around the molecule axis and
the bending of the axis itself. In particular, we focus
on the interplay between bending and base pair breaking
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2by monitoring the appearance of isolated bubbles, as a
function of the molecule length, in three DNA minicircles
analyzed in ref.[24]. Unlike previous studies, we don’t
assume that the helical repeat (h) gets a constant value
independent of the circle size, accepting instead that sig-
nificant variations in h may be found among the various
systems. In general, base pair disruptions changing lo-
cally the helix conformation may be averaged out in long
chains thus leaving scarce traces on h which is an average
parameter of the molecule [29]. This is however not the
case in short sequences where such local deformations
have an impact on the value of h. Accordingly, in our
analysis, the room temperature equilibrium conformation
is determined, for each minicircle, as the one which mini-
mizes the free energy after computing the latter through-
out a broad range of h values. Furthermore, looking at
the thermal effects on the helix conformations, we admit
that h may depend on temperature (τ) as experimentally
envisaged since long [30, 31] and re-determine it for each
investigated sequence, at any τ , on the base of the min-
imum energy criterion. Implementation of this program
is preliminary to an accurate computation of the bub-
ble probability profiles as local denaturation and bubble
formation are, in vivo, regulated by the degree of helical
stress [32, 33]. Thus, torsional and bending stresses ap-
pear crucial to select those sites along the sequence which
are more sensitive to disruption phenomena.
II. Sequences of Circular DNA
We consider three minicircles of different sizes and al-
most equal content of GC-bps and AT-bps, whose prepa-
ration methods and sequences are given in ref.[24] with
Supplementary Data.
106 bps
ATCTTTGCGGCAGTTAATCGAACAAGACCC
GTGCAATGCTATCGACATCAAGGCCTATCG
CTATTACGGGGTTGGGAGTCAATGGGTTCA
GGATGCAGGTGAGGAT
86 bps
ATCTTCATCGAACAAGACCCGTGCAATGCT
ATCGACATCAAGGCCTATCGCTTGGGAGTC
AATGGGTTCAGGATGCAGGTGAGGAT
66 bps
ATCTTATCGCGTGCAATGCTATCGACATCA
AGGCCTATCGCTGGGAGTCAATGAGCAGGT
GAGGAT
(1)
In view of the shortness of these circles, it can be rea-
sonably assumed that the helix axis lies in a plane [34]
hence, the writhe number which involves crossings of the
helix axis over itself vanishes, Wr = 0. Then, the DNA
supercoiling, measured by the linking number Lk, is due
only to the twist Tw of the individual strands around
the helical axis, Lk = Tw [35, 36]. The helical repeat
is h = N/Tw, N being the number of bps forming the
circle.
III. Mesoscopic model
While fully atomistic approaches are computationally
intractable even in short sequences due to the huge num-
ber of degrees of freedom, mesoscopic models have the
advantage to capture the main interactions at play in
the helix maintaining a description in terms of the base
pairs. We use a Dauxois-Peyrard-Bishop Hamiltonian
[37] generalizing it to a circle of radius R. Say ri, the
inter-strand base pair displacement with respect to the
ground state. The latter is found when all bps centers of
mass are uniformly arranged on the circumference which
represents the molecule backbone. Then, we define the
modulus ηi of the base pair fluctuational vector:
(
ηi
)
x
= |ri| cosφi cos θi(
ηi
)
y
= (R+ |ri| sin θi) cosφi(
ηi
)
z
= (R+ |ri|) sinφi . (2)
The ground state is recovered once all bps-fluctuations
vanish hence, ηi = R, ∀i. The polar angle, θi =
(i − 1)2pi/h + θS , measures the i− bp twisting around
the molecule backbone. θS is the twist of the first bp
from the left in each of the sequences in Eq. (1). The az-
imuthal angle, φi = (i − 1)2pi/N , measures the bending
between adjacent bps along the stack. The fluctuational
orbits defined by i = 1 and i = N + 1 overlap con-
sistently with the closure condition holding for the DNA
ring. A detailed description of our circular model is given
in ref. [41]. The mesoscopic Hamiltonian consists of the
following terms:
a) a Morse potential
VM [ηi] = Di
[
exp(−bi(ηi −R))− 1
]2
, (3)
simulating the hydrogen bond between the i− th base
pair mates on the complementary strands. Di and bi
are the site dependent pair breaking energy and inverse
length, respectively.
b) a solvent potential
Vsol[ηi] = −Difs
(
tanh((ηi −R)/ls)− 1
)
, (4)
previously introduced in simulations of DNA dynam-
ics [38, 39], enhancing by Difs the height of the bar-
rier below which the base pair is closed. ls defines the
3width of the hump that modifies the plateau of VM . For
ηi − R  ls, the Morse plateau is recovered, the two
strands get apart from each other and the hydrogen bond
with the solvent is established. The factor fs accounts for
the solvent effects on the pair dissociation energy and can
be empirically related to the salt concentration [Na+] in
the solvent [3, 5, 28].
c) a nonlinear stacking potential
VS [ηi, ηi−1] = K ·Gi,i−1 ·
(
ηi − ηi−1
)2
Gi,i−1 = 1 + ρi,i−1 exp
[−αi,i−1(ηi + ηi−1 − 2R)] ,
(5)
first proposed in [37], measuring the coupling along the
molecule stack between neighboring bases. Here, the har-
monic force constant K is assumed homogeneous while
heterogeneity is introduced in the anharmonic parame-
ters ρi,i−1 and αi,i−1 whose physical meaning is the fol-
lowing: if ηi −R < α−1i,i−1 for all bps, the double helix is
intact and the effective coupling is K ·(1+ρi,i−1). When a
fluctuation occurs for the i-th bp such that ηi−R > α−1i,i−1
then the hydrogen bond loosens, the coupling drops to
K and the base moves out of the stack. This produces a
fluctuational opening which may propagate cooperatively
along the helix forming a bubble [40]. The conditions
αi,i−1 < bi should be fulfilled to ensure that the stacking
potential range is larger than that of the Morse poten-
tial. Note that kinks formation is possible in the circular
model as bps in adjacent fluctuational orbits may not be
aligned along the stack [41].
The Morse parameters are consistent with those ob-
tained by fitting the melting curves of short DNA se-
quences [42]. We take effective pair dissociation ener-
gies, DAT = 30meV and DGC = 45meV , which are
above kBτ at room temperature and account for the
inter-strand electrostatic repulsion due to the negatively
charged backbone phosphates [43]. The inverse lengths,
bAT = 2.4A˚
−1 and bGC = 2.7A˚−1, are set according
to the suggestions of a study [44] of the model poten-
tial at the light of mechanical unzippering experiments
[45]. The solvent potential parameters are ls = 0.5A˚ and
fs = 0.1 hence, we simulate a sizeable counterion con-
centration in the solvent, [Na+] ∼ 0.4M . Varying these
values has some effect on the helical repeat [46] but it
does not change the trend of our results.
Instead, large indeterminacy persists for the intra-
strand parameters K, ρ’s and α’s reflecting the fact that
experimental data for the effective stacking force con-
stant differ by two orders of magnitude. Generally, ex-
periments probing the local length scale point to a high
flexibility for the helix and report low stacking couplings
[47–49] whereas measurements of collective excitations
such as longitudinal acoustic phonons report high stack-
ing force constants [50]. As our method models the inter-
actions at the local level, a weak K = 20meV A˚−2 is set
both for AT- and GC- bps [51] and the effects of the non-
linear stacking on the helix conformations are checked by
tuning the ρ’s and α’s parameters.
Both have been assumed homogeneous in previous
studies [37, 52] with ρ values ranging from 0.5 to 50 al-
beit for models which represent DNA as a ladder hence
not accounting for the helicoidal geometry. There is how-
ever a strong interplay between stacking and twist [53]
posing some constraints on the anharmonic parameters
as it will be shown below. Here we introduce three types
of parameters thus modeling the essential heterogeneous
stacking couplings which may exist along the molecule
axis: 1) ρ1, α1, denote the intra-strand coupling when-
ever two neighboring bases are any of: A − A, T − T ,
A − T ; 2) ρ2, α2, indicate any two neighboring bases
along the stack of the type: A−G, A−C, T −G, T −C;
3) ρ3, α3, indicate any two neighboring bases along the
stack of the type: G − G, C − C, G − C. The strands
polarity is not accounted for in this model. The inequal-
ities, ρ1 > ρ2 > ρ3 and α1 < α2 < α3, are fulfilled in the
simulations to attribute larger anharmonic effects to the
A− T stacking.
If an A or T base moves out of the stack due to a
thermal fluctuation, the entropic gain will be larger in
the case that the neighboring base along the stack is also
A or T . In this case, the stacking coupling will drop from
K(1 + ρ1) to K.
IV. Computational method
Our path integral technique considers the bps radial
displacements |ri| as time dependent paths which can
be expanded in Fourier series. One set of Fourier co-
efficients selects a point, which corresponds to a DNA
molecule state, in the path configuration space. The
computational problem amounts to building (and inte-
grating over) an ensemble of distinct configurations for
the system. Such ensemble is selected consistently with
the physical constraints stemming from the model po-
tential. For instance, the hard core barrier of the Morse
potential (simulating the repulsion between complemen-
tary strands) excludes those paths whose fluctuations,
ηi  R, would produce very large terms in Eq. (3) which,
in turn, would yield vanishing contributions to the parti-
tion function. As the paths ensemble is rebuilt at any
temperature, the bps thermal fluctuations around the
ground state are fully incorporated in the path integral
method [28]. The computation includes ∼ 106 distinct
paths for each base pair. This size permits to achieve nu-
merical convergence in the free energy per particle (units
meV ) up to three decimal places. This suffices to ob-
tain monotonic h versus τ as it is expected on physical
grounds.
The thermodynamics of the DNA circles is derived
from the classical partition function which reads
4ZC =
∮
Dr
∑
θS
exp
{
−βAC [r]
}
AC [r] ≡
N∑
i=1
[µ
2
η˙2i + VM [ηi] + Vsol[ηi] + VS [ηi, ηi−1]
]
.
(6)
β = (kBτ)
−1 and kB is the Boltzmann constant.
µ = 300 a.m.u. is the bp reduced mass. The measure
Dr is a multiple integral over the path Fourier coeffi-
cients. The integrals require temperature dependent cut-
offs that truncate the path configuration space excluding
those path amplitudes which, as mentioned above, are
not consistent with the model potential [54]. The sum
over a set of θS values weighs an ensemble of distinct
rotational conformations as the twist of the first bp in
the sequence affects the fluctuational amplitudes at the
successive sites.
The base pair fluctuation is measured with respect
to the ground state. If the fluctuation is larger than a
threshold ζ, the base pair is taken as open. Then, the
status of the i-th base pair is defined, for a specific fluc-
tuation, by the Heaviside function Hi
Hi ≡ Hi
(|ηi −R| − ζ) (7)
The choice of ζ carries unavoidably some arbitrariness
although the probability profiles shown below are not
qualitatively modified by tuning ζ in the range [1 − 2]A˚
[55–58]. ζ = 1A˚ is taken hereafter. By Eq. (7), we build
the bubbles H
[d]
i made of d consecutive open bps along
the molecule backbone. The i− th base pair is the center
of the bubble (if d is odd) or the closest to the center from
the left in Eq. (1) (if d is even). Thus d denotes the size of
the bubble whose probability is generally expected to be
proportional to the number of AT bps inside the bubble
itself [59, 60]. This effect however may not be evident for
the circles in Eq. (1) due to the almost regular alternation
of AT and GC bps along the sequences.
The bubble probabilities in each minicircle, at any site
and for any possible d, are derived by carrying out an en-
semble average in the paths configuration space formally
expressed as
< H
[d]
i >= Z
−1
C
∮
Dr
∑
θS
H
[d]
i exp
{
−βAC [r]
}
. (8)
For the formation of open bubbles is a τ dependent
process, Eq. (8) should be computed at any τ after deter-
mining the twisting conformation peculiar of that specific
temperature.
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FIG. 1: (Color online) Helical repeats versus temperature for
the three sequences in Eq. (1). ρ’s parameters are dimension-
less. α’s parameters are in units A˚−1.
V. Results and Discussion
A. Helix Unwinding
The free energy, F = β−1 lnZC , is calculated in the
temperature range [300, 360]K, with 1K step, for the
minicircles in Eq. (1). A broad ensemble of twisting con-
formations is assumed tuning Tw with 0.0125 partition
step. By minimizing F as a function of Tw, the helical
repeat of the equilibrium conformation is evaluated. The
procedure is repeated at any τ in the range, thus moni-
toring the helix unwinding due both to the bending stress
and to the thermal fluctuations. The execution time for
a simulation, e.g. for the second sequence in Eq. (1), is
about 15 hours on a workstation (Intel Xeon E5-1620 v2,
3.7GHz processor).
The results are shown in Fig. 1. The potential param-
eters are common to all three minicircles to emphasize
the effects of size and bending. R is set for each mini-
circle so as to keep constant the rise distance between
adjacent bps, i.e. ∼ 3.4 A˚. While the largest circle shows
no unwinding, the helical repeat of the 86-bps sequence
increases quite smoothly at τ ' 345K. The shortest
circle shows instead a sizeable and abrupt unwinding at
τ = 315K consistent with the experimental findings of
ref.[24]. Here we see the interplay between twisting and
bending as a function of the minicircle size. In general,
the helix untwists to release the bending stress associated
to the closure of the sequence into a loop. The untwisting
is however driven by thermal fluctuations which become
more effective in shorter sequences. For the latter, the
energetic cost to be bent into a loop is in fact higher.
Accordingly the 66-bps circle, with bending angle of ∼ 6
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FIG. 2: (Color online) Helical repeats versus temperature for
the third sequence in Eq. (1) with three sets of α’s parameters
(in units A˚−1).
degrees, shows an unwinding pattern remarkably differ-
ent from those of the largest circles.
These close to the experiment results have been ob-
tained by selecting a set of anharmonic parameters.
Varying such set, i.e. enhancing the ρ’s, even the 66-
bps circle shows a flat h throughout the whole τ range,
see Fig. 2. Only by reducing significantly the α’s, with
respect to the values in Fig. 1, the thermal effect on h
is recovered but, in this case, h turns out to be larger
than 11 even at room temperature. While other, cur-
rently unavailable, experimental data may provide more
stringent tests for the potential parameters, ρ’s smaller
than 10 seem appropriate to predict both the thermal
unwinding and the formation of fluctuational openings
in our smallest circle.
B. Bubble Statistics
If h measures an average property of the molecule, it
matters to know which sites in the sequence may bet-
ter sustain thermal fluctuations and which ones are more
susceptible to disruptions which cause the helix untwist-
ing discussed so far. The Hamiltonian approach permits
to tackle this issue.
Fig. 3 displays, for the longest minicircle in Eq. (1), the
probabilities for bubble formation computed, via Eq. (8),
at the boundaries of the τ range. The parameters of
Fig. 1 are used hereafter. In principle bubbles of any size
compatible with the sequence length, if formed, can be
detected by our algorithm. The d sizes for bubbles oc-
curring with probability at least ∼ 10−4 are reported on
top of the profiles. This order of magnitude is somewhat
arbitrary reflecting the arbitrariness in the choice of ζ,
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FIG. 3: (Color online) Bubble probabilities for the first se-
quence in Eq. (1) computed by Eq. (8). (a) τ = 300K. (b)
τ = 360K. The circles mark the probabilities for bubbles of
size d whose centerpoint occurs at the base pair site i. At any
site, probabilities larger than 10−9 are found only for bubbles
with d ≤ 7. The red lines show, both in (a) and (b), the
base pair sites at which bubbles are more likely to develop.
However, only in (b) are bubble probabilities (slightly) larger
than 10−4 at some sites. In these cases, the d value found
with higher probability is given on the top of the red line.
see Eq. (7). As for short molecules, opening probabilities
∼ 10−5 for AT bps and ∼ 10−6 for GC bps have been
estimated by a Ising-type statistical mechanics method
[61], in fair agreement with measurements of exchange
rates of DNA imino protons with solvent protons and
NMR spectroscopy [62–64]. If analogous measurements
had to become available for the minicircles, we may pro-
ceed to determine the specific ζ from the computation of
the probability profiles.
6No large probabilities are found at room temperature
whereas, at τ = 360K (see Fig. 3(b)), two single bp
fluctuations and four bubbles with d = 2 show up with
< H
[d]
i >∼ 10−4. The d’s refer to the bubble sizes hav-
ing largest probability but broader bubbles, centered on
the same sites, are also found with lower probabilities.
Accordingly, the 106-bps circle displays a substantial sta-
bility at room temperature which is only marginally af-
fected by some fluctuational openings appearing in the
high τ regime. This is consistent with the absence of
helix unwinding pointed out in Fig. 1.
The picture begins to change for the 86-bps minicir-
cle whose bubble profiles are given in Fig. 4. Here two
bubbles with d = 3 and two bubbles with d = 2 have
probabilities larger than 10−4 already at τ = 300K. Al-
together 8 bps in the circle, 9% of the whole sequence, un-
dergo large fluctuations (with relevant probability) con-
sidering that the i = 38, 39, 54 sites participate to two
bubbles with neighboring centers. Some significant ther-
mally driven bps openings are detected at τ = 360K, see
Fig. 4(b), which account for the h increase found in Fig. 1.
Note that the d = 4 bubble is centered on a GC-bp but
it contains three AT-bps. At i = 26, 27, probabilities are
lower than 10−4 and therefore the size numbers have not
been reported. However, at these AT-sites, even large
bubbles (up to d = 5) may form with probabilities larger
than 10−5.
A further spreading of bubbles is observed in the pro-
files for the 66-bps circle as displayed in Fig. 5. Now
twelve bubbles appear at τ = 300K involving 17 bps
which make ∼ 26% of the whole sequence. Some of them,
i.e. i = 5, 6, 7, 27, 28, 59, 60, 61 participate to two bub-
bles with centres at adjacent sites. At the i = 60 site,
hosting a AT-bp, a bubble with d = 3 occurs with the
largest probability, ∼ 4 · 10−4, but bubbles up to d = 6
have also appreciable < H
[d]
60 > values. It is worth point-
ing out that bubble sizes of ∼ 2−10 bps have in fact been
detected by fluorescence correlation spectroscopy [65] in
short DNA molecules at room τ . Moreover, there is a
thermal effect on the bubbles profile, see Fig. 5(b), with
20 bps having opening probabilities larger than 10−4 at
the upper end of the τ range. For this minicircle however,
the probabilities for disruption of the bps bonds are quite
high already at room temperature consistently with the
large helix untwisting determined by minimization of the
free energy.
Then, comparing the three minicircles bubble profiles
at τ = 300K, it is found that bps openings are much
more likely to occur for the shortest sequence as a di-
rect consequence of the wider bending angle, φi ∝ 1/N ,
between fluctuational orbits of adjacent bps along the
molecule backbone. However, also the intermediate 86-
bps minicircle with bending angle ∼ 4o presents a few
fluctuational openings at room temperature. Starting
from a Hamiltonian approach on the mesoscopic scale,
our calculations are in line with the experiments of
ref.[24] and also confirm previous suggestions regarding
the interplay of twisting and bending degrees of freedom
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FIG. 4: (Color online) As in Fig. 3 but for the sec-
ond sequence in Eq. (1). (a) At base pair sites i =
37, 38, 39, 53, 54, bubble probabilities are ≥ 10−4. (b) At
sites i = 36, 38, 39, 42, 44, 45, 53, 54, 55, 79, the probabilities
are ≥ 10−4.
based on analysis of the elastic free energy in DNA rings
[66]. We cannot determine a critical circle size for the ap-
pearance of base pair disruptions as both their size and
number do depend on the whole set of tunable model pa-
rameters, nonetheless our method can monitor the bub-
ble development at specific sites and quantitatively pre-
dict the disruption probabilities as a function of the circle
curvature.
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FIG. 5: (Color online) As in Fig. 3 but for the
third sequence in Eq. (1). (a) At base pair
sites i = 2, 4, 5, 6, 7, 10, 27, 28, 34, 59, 60, 62, bub-
ble probabilities are ≥ 10−4. (b) At sites i =
2, 4, 5, 6, 7, 9, 27, 28, 34, 59, 60, 62, 63, 66, the probabilities
are ≥ 10−4.
The bubble statistics presented so far has been ob-
tained by assuming, for each sequence, its own equilib-
rium helical repeat given in Fig. 1. We may also con-
strain all sequences to get the same h and re-derive the
bubble profiles: Fig. 6 presents the results obtained at
τ = 360K. The equilibrium value h = 10.886, pe-
culiar of the 86-bps sequence, is assumed to hold also
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FIG. 6: (Color online) Bubble probabilities for the first and
third sequences in Eq. (1), computed with the model parame-
ters of Fig. 1, at τ = 360K. The value h = 10.886 is assumed
for both sequences. This corresponds to the equilibrium he-
lical repeat for the 86-bps sequence in Fig. 4(b). (a) As the
106-bps sequence is undertwisted, the probabilities are lower
than in Fig. 3(b). (b) As the 66-bps is overtwisted, the prob-
abilities are enhanced with respect to Fig. 5(b).
for the 106-bps and for the 66-bps sequences. Hence,
the 106− bps sequence is now undertwisted whereas the
66 − bps sequence is overtwisted, with respect to their
respective equilibrium values. As we have reduced the
torsional stress in the 106− bps sequence, Fig. 6(a) con-
sistently shows lower bubble probabilities with respect
to the corresponding equilibrium profile presented in
Fig. 3(b). On the other hand, due to the enhanced tor-
sional stress, the bubble probabilities for the 66 − bps
sequence (Fig. 6(b)) are higher than in the equilibrium
case of Fig. 5(b) with a few more sites participating to
the formation of fluctuational openings. These findings
indicate that bubble profiles for a specific sequence may
be largely affected by the torsional stress applied on the
helix.
Eventually we should mention that bubble statistics
(for linear sequences) had previously been computed by
molecular dynamics and direct integration methods in
the framework of mesoscopic Hamiltonian models but
with contrasting results, see e.g. [15, 57]. While these
models miss to describe the sequence heterogeneity in
the stacking potential, even more importantly, they do
not account for the helical torsional stress which is in-
stead crucially related to the process of bubble formation
[67, 68].
8Instead, the importance of the twisting has been rec-
ognized by a recent Hamiltonian study of closure times
of denaturation bubbles in linear sequences [69]. How-
ever the latter work, applying the Langevin equation to
a DNA model made of two freely rotating chains, as-
sumes the torsional modulus as a tunable input param-
eter which vanishes in the bubble. While the focus of
our present research differs from that of Ref.[69], we also
point out that the method here proposed offers a signif-
icant advancement in the modeling of the DNA proper-
ties. In fact, helix unwinding and bubble statistics have
been consistently obtained by first principles, that is ap-
plying the principle of minimal action and selecting at
any temperature those path ensembles which minimize
the action AC [r]. Accordingly, the helical repeat repre-
sents an output of the calculation and it is found as an
equilibrium property of the molecule after summing over
all base pair thermal fluctuations. Furthermore, the bub-
ble profiles are related, at any temperature, to the degree
of torsional (and bending) stress of the sequence.
Although a specific issue referring to circular DNA’s
has been here addressed, the path integral method can
be straightforwardly extended to deal with open ends
linear sequences.
VI. Conclusions
The formation of base pair fluctuational openings, re-
lated to the bending of the molecule axis, has been inves-
tigated for three DNA minicircles having different sizes
but similar AT and GC contents. The effective meso-
scopic Hamiltonian includes the hydrogen bonds for AT
and GC pairs, a solvent potential and the intra-strand
nonlinear stacking coupling between neighboring bases.
Twisting and bending degrees of freedom are incorpo-
rated in the circular model which then accounts for the
occurrence of kinks and base pair disruptions. Hydrogen
bonds and stacking interactions have been modeled by
a single set of parameters consistent with a large body
of experiments although the parametrization of the non-
linear stacking potential deserves more accurate analy-
sis. The path integral computational method considers
the inter-strand base pair fluctuations as time dependent
paths with one point of the path configuration space rep-
resenting a molecule conformation. After summing over
a large ensemble of paths and minimizing the free energy,
we derive the helix twisting conformation which more ef-
fectively releases the bending stress due to the closure
of the sequence into a ring. While the helix unwinding
as a function of temperature is driven by base pair ther-
mal fluctuations, the size of the circle, i.e. the bending
angle between neighboring base pair orbits, crucially de-
termines the bubble probability profiles at room temper-
ature. Being all model parameters but the size common
to the three sequences, we find that base pair disruptions
are much more likely to occur in the shortest minicircle,
i.e. the 66-bps circle with bending angle of ∼ 6 degrees,
in agreement with the data of single-strand-specific en-
donucleases experiments. Consistently, the room temper-
ature helical repeat is significantly larger in the smallest
minicircle.
Our algorithm can detect, on any site in the sequence,
the formation of bubbles and determine their broadening
as a function of temperature. In general, for circular se-
quences whose bubble probability profiles are experimen-
tally known, the algorithm can predict the threshold for
base pair fluctuations above which the base pairs break.
Fluctuational effects around the ground state, which are
all the more strong in short sequences, are thus incor-
porated in the path integral method to an extent which
cannot be reached by conventional two state models for
the base pairs.
The computed probability profiles show that the 106-
bps circle is essentially stable whereas, in the 66-bps cir-
cle, 26% of the sequence undergoes sizeable fluctuational
openings already at room temperature. An intermediate
behavior is obtained for the 86-bps circle with precisely
9% of the sequence taking part in bubbles with relevant
probabilities. Unlike the 106-bps and 86-bps circles, the
66-bps circle also displays a large untwisting at τ = 315K
suggesting that a strong bending of the molecule axis ren-
ders the helix more susceptible to thermal effects.
While the presented results point altogether to a grad-
ual increase in the number of base pair disruptions by re-
ducing the size of minicircles below 100-bps, there is good
prospect that combined experimental and computational
analysis of more sequences, mostly in the range ∼ [ 60 -
80]- bps, may settle the question of the existence of a crit-
ical radius of DNA curvature for the appearance of bps
disruptions. These questions should be also investigated
by varying the relative contents of AT and GC pairs keep-
ing the circle size fixed. The theoretical perspective can
be further improved by assuming that, in principle, ad-
jacent base pair fluctuational orbits along the stack may
have variable bending angles and next, by determining
the equilibrium bending conformation for the helix.
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